T he Concept of Four-vectors

V. Devanathan

The Academy of Sciences, Chennai
Department of Nuclear Physics
University of Madras, Guindy Campus
Chennai - 600 025



Four-dimensional World

Special Theory of Relativity
United: Space & Time and Mass & Energy
Energy & Momentum conservation

We live in a four-dimensional world of space-
time continuum.

Einstein introduced the concept of four vec-
tors such that the scalar product of any two
four-vectors is invariant under Lorentz trans-
formations.

It is similar to the concept that the scalar prod-
uct of any two three-vectors in the three di-
mensional space is invariant under rotation of
coordinate system.



We list below some of the four-vectors.

X ct, x, Yy, z. (g, x : time-space)
9 10 8 9

O : :
5% - ¢ O Oy O ( time-space gradients)

") E/c, pz, py, Dz ( energy-momentum)

J cp, Jz, Jy, Jz. ( charge and current dens
< w/e, kz, ky, k. ( four wave-vector)

A ¢, Az, Ay, Az. ( scalar, vector potentials

We use upright bold letters to denote the
four-vector and italic bold letters to denote
the three-vectors. A scalar product of any two
four-vectors a and b is defined by

a-b=agbg—a-b=agbg — azbr — ayby — a:b..

The first component of the four-vector is usu-
ally called the time-component or the zeroth
component of the four vector. Note that in
defining the scalar product of two four-vectors,
we use different signs for the time component
and space components.



Scalar Product of Four-vectors

Q
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The scalar product of the four-vectors listed
above are invarient under Lorentz transforma-
tion. This gives a powerful method of calcu-
lating the kinematical variables and their trans-
formation from one inertial coordinate system

to another.
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Lorentz transformation is common for both
Newtonian Mechanics and Maxwell’s theory of
Electromagnetism.

The special theory of relativity has brought
together Newtonian mechanics and Maxwell’s
equations of electromagnetism into one fold,
satisfying Lorentz transformations when one
goes from one inertial frame to another. In the
case of Newtonian mechanics, Galilian trans-
formations still hold true when the motion of
particles is much lower than the speed of light.
Lorentz transformations reduce to Galilian trans-
formations for velocities much less than the
velocity of light.



Advantages of the Four-Vector Concept

Reaction: A+ B—C+ D + FE

Any reaction obeys two conservation laws:

1. Energy conservation

2. Momentum conservation

Energy & Momentum depends on the frame
of reference.

In the Four-Vector formalism, the two laws
are merged into one law of Energy-momentum
conservation and is much simpler to go from
one reference frame to another.



Four-momentum Square

Relativistic Energy-momentum relation for a
particle with rest mass m

2 :pzcz —|—m204
If p is the four momentum, then

E2
p2=—2—p2:m202.
C

In Units with ¢ =1,

p2 = 2 — p2 = m2.

T he square of the four-momentum is equal
to the square of the rest mass in natural
units. This is independent of the reference
frame.



Problem 1:
Proton-antiproton pair production

p+p—p+p+p+p

What is the threshold energy of the incident
proton in laboratory frame for proton-antiproton
pair production in proton-proton collision?

P.: four-momentum of the incident proton

P,: four-momentum of the target proton

P.. four-momentum of the aggregate of
particles in the final state.

Conservation of energy: Eq + Ep, = E¢
Conservation of momentum: p, + p, = p.

They can be written jointly as conservation of
energy-momentum in the four-vector notation.

Pa‘l_ Pb — Pc.

Squaring, we get

(Py+Py) - (Po+ P =P, Pe.



In c.m. frame,
the four momentum of the final state for the
threshold production of pp pair is

PC — (E(37 PC) — (4M70>7

since the minimum energy required for pp pair
production is 4M, where M is the mass of the
proton (antiproton) and the net momentum
P.=0 in c.m. frame.

P,°+ P2 +2P,-P, = 16M?
DM? + 2P, P, = 16M?, (P.° =P, = M?)
Po-P, = TM?

In laboratory frame,

a — (Eaapa)a Pb — (M,O)
So,
Pa . Pb — MECL

Since the scalar product of two four-vectors is
invariant under transformation of coordinate
systems,

ME, =T7M? or Ea=T7M,



T hreshold energy of incident proton in Lab.
for pp production

E,: Total energy of the incident proton in Lab.
system for pp pair production

Eq M+ T,
Rest mass energy M + Kinetic energy 1y

M

T his yields the value T, = 6M, which is thresh-
old kinetic energy for the incident proton in
laboratory for the pp pair production. Taking
the value M = 938 MeV, we obtain the kinetic
energy of the incident proton in laboratory for
threshold production of pp as

T, = 6 X 938 MeV = 5.628 GeV.

Thus, we find that only a part of the Kinetic
energy of the incident proton is used up in the
production of new particles.
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Problem 2
Decay of charged r-meson: 7+ — T + v,

A charged m-meson (rest mass = 273 me) at
rest decays into a muon (rest mass = 207
me) and a neutrino (zero rest mass), where
me denotes the rest mass of electron (me =
0.511 Mev/c?. What is the energy of the emit-
ted neutrino?

Four-momentum equation for the pion-decay
Pr=P,+P, or Pr—P, =P,

Squaring, we get

|
o
=N

P24+ P2—-2P, P,
m72r + mg — 2mqg By

[
3
‘f;.l\)

Since my = 0, we obtain

2 2 2 2

ms —m 273< — 207
4 B — = 58.02 me
2mar 2 X273

58.02 x 0.511 = 29.6 MeV.

Ey
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Problem 3
Photoproduction of =T from proton:

Yy+p—ontat

What is the threshold energy of the photon
in MeV for photoproduction of 7t from pro-
ton, given the masses M, = M, = M = 939
MeV /c? and my = 139 MeV/c? 7

Energy-momentum conservation

P’y + Pp — Pmr,

P.: four-momentum of incident photon
P,: four-momentum of the target proton
P, .. four momentum of final particles n & =«

Squaring, we get (using units with ¢ = 1)

P’QY_I_P]%_I_QPV'PP = P2,
0+ M?+2EM = (M +m)?
2Mm—|—m m2
B, = S
7 2 M +2M
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We have used above the principle that the
scalar product of four-vectors is invariant
in all inertial frames.

So, we have evaluated P~ - P, in laboratory
frame and P2_ in centre of momentum (c.m.)
frame. In laboratory frame, the target particle
is at rest and in c.m. frame, the total momen-
tum of the final state of the particles will be

Zero.

Substituting the values M = 939 MeV and m=
139 MeV, we get

Ey = 149.29 MeV.

Thus, we obtain the threshold energy of the
incident photon to be 149.29 MeV for the pho-
toproduction of =T from proton.
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Problem 4
The Compton Effect

When a photon is scattered by an electron, the
shift in the wavelength of the scattered photon
depends only on the angle of scattering and
not on the wavelength of the incident photon.
This is known as the Compton effect.

If \; is the wavelength of the incident photon
and Af IS the wavelength of the scattered pho-
ton, then the shift in the wavelength A\ is
given by

AXN=Ap— N = (1 —cosh),

moc
where 6 denotes the angle of scattering of the
photon, mg the rest mass of the electron, h the
Planck constant and ¢ the velocity of light.
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The Compton scattering

y

Four-vector equation for compton scattering.

Ki+pP;,=KkKy+ps or K; —Ks+p; =py.
Squaring, we have
(ki —kr+ p)° = (Df)2
K? + K7 + p7 — 2k; - Ky + 2K; - p; — 2Kp; = D7

For photon, the rest mass is zero and for the
electron, the rest mass is mg.
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So, we obtain

ki =k7 = 0; p; =P7 = mp;
ki'kf = EEf—(k k:f)—EEf(l—COSQ)
K;-pP;, = E,mqg, sincep, =0;

K¢-P; = Eymg, sincep; = 0.
Substituting these values, we get
mo(E; — Ef) = E;E;(1—cos0),

Incident photon energy: E; = hy;
Scattered photon energy: Ef — hz/f
Angle of scattering: 6

h

v —vp = m—oyzyf(l — C0sH).
Since v = 1/), in units ¢ = 1, the Compton
shift in wavelength for the scattered photon,
in units with ¢ = 1.

AXN=Ap— N = i(1 — cos6).

mo

Restoring to MKS units,

h

moc

AN\ = (1 — cos@).
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Rotation in three-dimensional space

¥ = xcosfh + ysind
'=9ycosfh —zsinb

S
|

/:Z

Rotation about the z—axis through an angle 6
7“2=a:2—|-y2—|-22=x/2—|—y/2-|-z’2.

The length of the vector r is invariant under
rotation of the coordinate system.

Rotation about the common z-axis, leaves the
z-coordinate unchanged. So, consider only changes
in the x-y plane.

17



Orthogonal Transformation

We can write the transformation of coordi-
nates in the form of a matrix R(9).

! T cosf sind T
_y’]_R(Q)[y]_[—sinG cos@][y]'
[ / : /
x| -1 x| | cosf@ —sind x
_y]_R (e)ly’]_[sine cos@] y’]'

This is what is called the orthogonal transfor-
mation since the transpose R(6) of the matrix
R(0) is equal to its inverse R—1(0).

R(0) = R~1(0).

The above consideration in three-dimensional
space can be extended to n-dimensional space
wherein a space-point can be represented by a
set of n coordinates, x1,xo,x3: - xn.
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Four-dimensional complex Minkowski space

Let the Fourth Coordinate be x4 = ict.

T he Minkowski space is a complex four-dimensional
space. The Lorentz transformation can be vi-
sualized as a rotation in the complex MinkowsKi
space that preserves the length of the vector.

x/2 + y/2 + 2/2 o CQt/Q — :I:2 + y2 + 22 o 02t2.

The length of the vector (z24y2+422—c2¢2)1/2
in this case may be real or imaginary, real if
2 + y2 + 22 — ¢?t? is positive, or imaginary if
12 +y2+ 22 — ¢?t? is negative. This means that
the Lorentz transformation is an orthogonal
transformation in the four-dimensional com-
plex MinskowskKi space.
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Consider Lorentz transformation between any
two inertial frames which are in uniform rela-
tive motion along the common Xx-axis.
Consider changes in x1 and x4 coordinates only
since x5 and x3 remain invariant.

) =y(z1 —vt) — 2| =(z1+ iBz4);
t/ =7(t—"’€1) >z = y(zgq — 1Pz1).

C
rq = ict,xy = ict,y = (1 — B2)~1/2 g = v/c.
In matrix form.

(1)

/ .
Gl=| 0 T (2)
Ty —iBy T4
The Lorentz transformation matrix
Yo By
L = . : 3
[—?ﬂ’Y Y ] (3)

IS an orthogonal matrix.
L=L"1 L[LL=LL=1. (4)

The matrix L represents a rotation in x; -
X4 plane of Minskowski's 4-dimensional space
through an angle 8 which is imaginary.
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Four-dimensional real Minkowski space

Replace x4 = ict by g = ct.

The new coordinates are zg,x1,x2, 3.

Lorentz transformation equations in terms of
the new set of coordinates are

' =y —vt) — 2| =~(x1— Bro);
t! —W(t—w) » g = vy(zg — Bx1).

C

1
Notations: zg = ct, 8 = v/c, v = (1 — B%) 2
The Eqg. in matrix form

o | | v By ||=zo|
i —By v 1
The Lorentz transformation matrix

vy —M])

[, =
—By v

IS not an orthogonal matrix.
L#L"1 LL#1.
The inverse Lorentz transformation

=15 T3
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The metric tensor g,

In order to define the scalar product of two
four-vectors, which is invariant under Lorentz
transformation, a metric tensor g, (g"") is in-

troduced.

Juv — g’ =

oo R

O
—1

0 —

O

O OO

= O OO

If x is a four-vector with components zg, 1, 2, 3

and X is its transpose, then

XgX

o T1 T2 333}

i - S Y. §

oOoOooH

O oOomrOo

O OO

= OOAO
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Contravariant and covariant four-vectors

The introduction of metric tensor leads to two
different types of four vectors - contravariant
and covariant four-vectors.

Let us consider a four-vector A. It has four
components, one time component A; and three
space components Az, Ay, A,. A contravariant
four-vector is identified by a superscript.

AR AD AL A2 A3 = Ay AL Ay, A,

A covariant four-vector is identified by a sub-
Script.

A,LL : A07 A17 A27 A3 — Ata _Axa _Ay7 _AZ
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Using the metric tensor, one can convert a
contravariant four-vector into a covariant four-
vector* and vice versa.

Alu, — ZgﬂyAV, JURESS O, :I.7 2, 3 (5)
1%

AF = 3 g"™Ay, p=0,1,2,3. (6)
124

The scalar product of any two four-vectors A
and B can be written as

A°Bg + A'By + A>Bs> + A3B5

AB,— A - B. (7)

We adopt the convention of representing four-
vectors by upright bold letters A, B and three-
component vectors by italic bold letters A, B.

*The components A;, —A;,—A,, —A. of the four-vector
A, have the same signs as the metric tensor g,,, and so,
it is called the covariant four-vector. The components
A, Az, Ay, A, Of the four-vector A* have signs that are
not in conformity with the signs of the metric tensor
g and so it is called the contravariant four-vector.
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A contravariant four-vector A#* transforms from
one coordinate system (unprimed) z* to an-
other coordinate system (primed) z/# accord-
ing to the formula

ox'H oz”
At = AV, AV = A (8
; oxV % Ox'H (8)

On the other hand, a covariant four-vector
Ay, transforms from the unprimed coordinate
system to the primed coordinate system and
vice versa according to the law

ox? Ox'H
A, = XV: S Av= %: o A (9)

It can be easily checked that the distinction
between the contravariant and covariant vector
vanishes in the case of complex four-dimensional
cartesian Minskowski space since the Lorentz
transformation corresponds to an orthogonal
transformation. The distinction arises only in
the case of real Minkowski space, due to intro-
duction of the metric tensor g,u.




Lorentz Transformations

Contravariant Vector

e
5 m”A’Ol
By v '
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